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∞(0, T ; Hd(.))
Û¡Ý'Þ*ÛÜá
 
	ﬀﬁﬂ
ﬃﬂ !"ﬂ
$#ﬀ%&ﬂ(')ﬀ*,+ﬁ.-ﬂ/ 0 X
  
Hd(t) ≡
{
(v, `) ∈ (L2(Ω0))
2 × R, div(v) = 0,
v · n = 0,
ﬂ 
Γf∞, v|Ωst = ` · e2, supp(v) ⊂ Ω
f
t
}
ﬀ
A
Vd(t) ≡
{
(v, `) ∈ (H1(Ω0))
2 × R, div(v) = 0,
v = 0,
ﬂ 
Γf∞, v|Ωst = ` · e2, supp(v) ⊂ Ω
f
t
}
ﬀ
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−
∫ T
0
[∫
Ωft
u · ∂tv + md˙ ˙`− k d `
]
+
∫ T
0
∫
Ωft
[(D u · u) · v + ν D u · ·D v] = md1 `(0) +
∫
Ωf
0
u0 · v(0)
∀ (v, `) ∈ C1([0, T ]; Vd(.))
  
v(T ) = ˙`(T ) = 0
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ﬀ
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  #
 
u∞ · τ ∈ L
2(0, T ; (H
1
2 (Γf∞))
2) ∩H
1
4 (0, T ; (L2(Γf∞))
2)
u∞ · n ∈ L
2(0, T ; (H
1
2 (Γf∞))
2) ∩H
3
4 (0, T ; (H−1(Γf∞))
2)

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x
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*
p uzlmj
¢
 eoige«ly/Yjs|©fegp\b]b^lvZ\n
x
ÅtØ¤K£nWv^`r\m^{|eguv^igys½tS^jwp jsioytuv^lmZ\^]<eop eo]<eg¯{jFlmeonWpﬀr\vnW\ig^] egpf§snsig§s^
x
egpﬀlvZ egu]<^%lvZ n
x
¤
*
pﬀlvZ\^buz^Xªh\^iU½ S^qegioi'Z\egsZ\igyhOuz^lmZ\^ ¡jw]<^{nWv©²egplvmn
x
h |%^
x
fy:nWiXuzegn²jwp
x
eolmuR|%nsigikjw:nsjFlvnWmu|%nWp |%^{vp\egp\<uzZOjwr:^nsrtlmeo]<eg¯{jFlmeonWplmnfnsiku XØ½ ÅﬁJØ½ gXØ½ g{Ø½ g_ﬁØ¤
­®^jwm^Neoplv^{v^Xulm^
x
eop£uvnsig§feop\blmZ\^` ¡nsigionFqegp\b]<eop\eg]<eo¯XjFlmeonWp/r vnW\io^{] ﬃ
min
u∞ ∈ Uc
j(u∞)

9W
qZ ^m^
j(u∞) = Ju∞(
[
u, p, d, d˙
]
(u∞))
qe«lmZ
[
u, p, d, d˙
]
(u∞)
egu"jNS^{js©uznWioh\lvegnsp<nw Ar\mns\ig^]

V 
jsp
x
Ju∞
ekuqj<v^Xjwi: ¡h\p |%lvegnsp jsi*nw lvZ\^` ¡nWioignFqegp\b ¡nsm] ﬃ
Ju∞(
[
u, p, d, d˙
]
) =
α
2
∫ T
0
[
|d− d1g |
2 + |d˙− d2g|
2
]
+
γ
2
‖u∞‖
2
Uc
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Y&Z ^]ﬃjwegp x e ²|%h i«lyegp x ^Xjwigeop RqeolvZ<uzh |ZjR]<egp\eo]<eg¯{jwlvegnspr vnW\io^{] egu'm^ikjFlv^ x lvnlvZ ^ x ^r:^p x ^{p |%^
ns Oegplv^Wmjsigu'nWplmZ\^qh\p\©fp\nFqp x ns]ﬃjwegp
Ωft
qZ\ek|Z x ^{rO^{p x u"jsiguvnNnsplvZ\^+|nsplvmnsif§Fjwmegjs\ig^
u∞
¤'Y&Z egu
r:nsegplqqeoigi*:^uznWio§W^ x yh uzegp\blvZ ^R*2]ﬃjwr
Tt
egplvmn x h |%^ x r v^{§egnshOuzigys¤
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
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­®^uvZ jwigi! ¡nt|%h u+nsh\q^ :nWzlu&nsp/lvZ\^ x ^meo§Fjwlvegnsp/nw '´ muzl ¢ ns x ^{SnWrtlveg]ﬃjwige«ly/|%nWp x eolvegnsp uS ¡nW+r\mns\ig^]

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lvZ\^Negp ﬀ nF |%nWp x eolvegnsp
u∞
ns lmZ\^|%nul& ¡h\p |%lvegnsp
Ju∞
¤
Y&Z ^m^N^}teguzlmuquv^§W^jwiA]<^%lvZ n x uSlvnﬃZ jsp x ig^`uvh |Z£j<ªh\^{uzlvegnsp*½
 
¼ nWioignFqeop  oXØ½:eolekurOnuvuveo io^lmnZ jsp x ig^lmZ\^ x ^{veg§FjFlmeo§W^ D
Du∞
(u, p, d) · δu∞
hOuzegp\j js|©
lvjwp uvr:nsvl°]ﬃjwr²egplvnj`´ } x ns]ﬃjwegp²jwp x h uz^+lvZ\^^Xjw©beo]<r\igeg|e«l ¡h\p |%lvegnspﬃlmZ\^nWv^{] lmnqh uzlveo ¡y
jwp x nWtlmjseop/lmZ\^igeop\^Xjwmeo¯{^ x uvyfuzlv^{]ﬀ¤&p |^`lvZ\^ ¡h ioiioegp\^{jsqlmjsp\s^{plRuzytuzlv^] egu x ^%´Op\^ x ½Oe«legu
rOnuvuveg\io^°lvn x ^%´Op\^Sjspj x nsegpWluzytuzlv^{]8qZ eg|ZbuznWiohtlmeonWp]ﬃj¨y`O^Seopf§Wnsig§s^ x egplmZ\^S|ns]<r\htljFlmeonWp
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uzytuzlv^{] jwp
x®x
eom^{|%lvigy¥s^llvZ\^²j
x
nsegpluzytuzlv^{]/¤Y&Z\egu]<j¨y¬O^ﬃm^{jsioeg¯^
x
hOuzegp\ jMK£egp
¢
K jF}
 ¡nsm]h\ikjFlmeonWpns *lvZ\^`]<egp\eo]<eg¯{jwlvegnsp/r\vnW\ig^]

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x
uvytulm^]
|%nWp ulmmjseopl&lvZ vnWh\sZ/jwWmjsp\s^N]h i«lmeor\igeg^u¤
*
p lmZ\egu²v^{rOnWzlX½°S^ uzZ jsioiqhOuz^/lvZ ^ igjwlzlm^²|Z\nWeg|^ﬀ|nsh\r io^
x
qeolvZ lvZ ^ eoplmvn
x
h |%lvegnsp2j¬lvjwp uv§s^{muv^
]ﬃjsregpns
x
^{°lmnZ jsp
x
ig^RlmZ\^uz^{p uve«lmeo§feoly<jsp jwigytuzekunw *lmZ\^jwWmjsp\sekjwpb ¡h\pO|lvegnspOjwi!qeolvZm^{uvr:^{|lSlvn
§FjsvekjFlmeonWpnw 'lvZ ^ ﬀ h\e
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ns]ﬃjwegp*¤
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x
^{um|%meo:^&lvZ ^qSj¨ylmn`lmjs©s^&eoplmnjs||nsh\plCegp uze
x
^&lmZ\^+jssjwp\Wegjsp ¡h\p |%lvegnsp jsiH½uz^{§s^{mjsi
|nsp uzlvjwegplmu&jsumuvnf|egjwlv^
x
lvnblmZ\^|%nWh\r\ig^
x
uzytuzlv^{]/¤
Y&Z ^
x
eg§s^{vW^p |^ﬀ ¡v^{^¬|%nWp
x
eolvegnsp³|ns]<egp\ ¡mns]3lvZ\^¬ ßjs|%llmZ jFllvZ\^ ﬀ h\e
x
Z jWujsp Z\ns]<nWs^p ^nshOu
x
^p uve«lyjsp
x
^{§snWio§W^{ujWu<jwp egp |ns]<r\m^{umuzeg\ig^ ﬀ nF eku
x
e? ﬃ|h\iolblmn¬eg]<rOnuz^/nsp lvZ\^/]ﬃjFlmZ\^]ﬃjFlmeg|{jwi
jsp
x
pfh\]<^meg|{jwi"r:nsegplnw q§feo^{¤­®^|Z\nfnWuv^<lvn£egp |%igh
x
^²lvZ\^
x
eo§W^ms^pO|%^b ¡v^{^²|%nWp
x
eolvegnsp
x
egv^X|lvigy
egplvn<lmZ\^jssjwp\Wegjsp² ¡h\pO|lvegnspOjwi!lmZ jwp\©tu+lvn²j<]h i«lmeor\igeg^+lmZ jFl]<j¨yr\igj¨ylvZ\^vnWio^ns lmZ\^j
x
nsegpWl
§Fjsvekjw\ig^RjWuvuvnt|%ekjFlv^
x
lvnlvZ ^r\meg]<jsiOr v^Xuvuvh\m^+§Fjwmegjs\io^W¤CY&Z\eguig^{j
x
uegpj|%^{zljwegpuz^{p uv^+lvn<jumj
x x
io^
r:nsegpl` ¡nsm]h\ikjFlmeonWp ns`]<e«}t^
x
 ¡nWv]h\igjwlvegnsp ns °lmZ\^ﬃ¦Rj¨§feo^{
¢
clmns©s^XuRuvh\ uvytulm^]ﬀ¤­®^ﬃuzZ jsioih uv^blvZ\^
 ¡nWioignFqegp\e
x
^{pWlme«lyW½
−
∫
Ωft
q div u =
∫
Ωft
u · ∇ q −
∫
Γf∞
u · (q n)−
∫
Γst
u · (q n)
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Y&Z ^|%nWh\r\ig^ x uvyfuzlv^{]

V +eopf§snWio§W^{uSlSn²^{umuv^plvekjwi*p nsp ¢ Z\ns]<nWs^p ^nshOu HRegvek|Z\ig^%lR:nsh p x jwmyﬀ|%nsp x e ¢
lmeonWp u{½
u = u∞, Σ
f
∞

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u = d˙ e2, Σ
s
0

s
­®^h uv^jb§s^my²S^{js©ﬃ ¡nsm]h\ikjFlmeonWpns lmZ\^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ikjwr igjW|%ekjwpnWrO^{mjwlvnW{½
∫
Ωft
−ν∆u · φ =
∫
Ωft
−ν∆φ · u +
∫
Γf∞∪Γ
s
t
ν [u · ∂nφ− φ · ∂nu] dΓ

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­®^uvZ jwigi°uvh\ uzlveolvhtlm^egp uve x ^<lmZ\ekue x ^plveoly¬lvZ\^ x ^{uveojw\ig^ﬃ:nsh\p x jwmy¬|%nWp x eolvegnsp ujwp x S^ﬃqeoigi°m^ ¢
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|nsp x e«lmeonWp uR|nsmv^Xuzr:nsp x eop\blmn²lvZ ^uv^p uve«lmeo§feolyqeolvZ¥v^Xuzr:^{|%l+lvnlvZ\^]h\iolvegr\igeo^{mu{¤+Y&Z\ekuRr\mnt|%^ x h\m^
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¢
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x
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x
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x
ns]ﬃjwegp*½
∫ T
0
∫
Ωft
∂tu · v = −
∫ T
0
∫
Ωft
u · ∂tv −
∫ T
0
∫
∂Ωft
(u · v) 〈V, n〉

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+
∫
ΩfT
u(T ) · v(T )−
∫
Ωf
0
u(0) · v(0)
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nslvZ\^ﬃumjw©W^nw uveg]br ioek|%eolys½!S^m^
x
h |%^lvZ\^<ns
x
^{Rnw °lvZ\^ﬃuvnsige
x
WnF§s^{vp\egp\²^Xªh jFlmeonWp fy
x
^%´ p eop\
lmZ\^signsOjwi!uznWioe
x
§¨jsvekjw io^W½
d˜ =
(
d1
d2
)
=
(
d
d˙
)

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ig^{j
x
egp\blvnblvZ\^`´Omuzlqns
x
^qnW
x
egp jsvy
x
e:^{v^{plvekjwi*^XªWhOjFlvegnsp½
M
˙˜
d + K d˜ = F
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qeolvZ
M =
[
1 0
0 m
]
K =
[
0 −1
k 0
]
jsp x
F =
(
0
Ff
)
* p/lmZ\^|jsuv^`nw 'lvZ\^|nsh\r io^ x ﬀ h e xf¢ uvnsige x uzytuzlv^{]/½\lvZ\^`ignWj x u x ^r:^p x nWplmZ\^ﬀ h\e x uljFlm^N§Fjsvekjw\ig^s½
Ff (u, p) = −
(∫
Γst
σ(u, p) · n
)
· e2
­®^ﬃegpWlmvn
x
hO|%^<lvZ ^uljFlm^²jwp
x
]h i«lmeor\igeg^uvr js|^{u`egpns
x
^`lmn
x
^%´Op\^²jﬀr\mnsr:^uvnsige
x
S^{jw©¬uljFlv^
nWrO^{mjwlvnW{½
Xs1 =
{
d1 ∈ C
1([0, T ])
}


W
Xs2 =
{
d2 ∈ C
1([0, T ])
}


X
Y s1 =
{
b1 ∈ C
1([0, T ])
}

s
Y s2 =
{
b2 ∈ C
1([0, T ])
}

\
jsp
x
lvZ\^ignWj
x
uvr js|^s½
L =
{
F ∈ C1([0, T ])
}
Y&Z eguqjsioignF+uSh u&lvn
x
^´ p\^j<uvnsige
x
uzlmjFlm^`nsr:^jFlvnW{½
es : Xs1 ×X
s
2 × L −→ (Y
s
1 × Y
s
2 )
∗
qZ nWuv^`jW|lmeonWpeku
x
^%´Op\^
x
fyﬃlvZ ^` ¡nsigionFqegp\<e
x
^plveolys½
〈es(d1, d2, F ), (b1, b2)〉 =
∫ T
0
[
−d1 b˙1 − d2 b1
]
− d01b1(0) + d1(T )b1(T )
+
∫ T
0
[
−m d2 b˙2 + k d1 b2
]
−m d02 b2(0) + m d2(T ) b2(T )−
∫ T
0
F b2
Û¡Ý'Þ*ÛÜá
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* p/lmZ\eguRuz^X|lvegnsp½\^uvh\]<]ﬃjwmeo¯{^`lvZ\^ x eA^m^pl+nsrtlmeonWp uSlvZOjFlRS^`Z j¨§s^|Z\nuz^{p ¡nW&lvZ\^jwWmjsp\sekjwp
 ¡jw]<^{nWv©ﬃjwp x/x ^%´ p\^`lmZ\^`§Fjwmegjwlvegnsp jsiAuzlmjwlv^nWrO^{mjwlvnsq|nsp uzlvjwegpl{¤
* pﬀnW x ^{Slvn x ^{jsi!qe«lmZﬀvegse xx eguvr\ikjs|%^{]<^pl+§s^X|lvnWS´ ^i x u{½t^egplvmn x h |%^NlvZ ^` ¡nsigionFqegp\<uzr jW|%^Xuﬃ
+eoWe x/x ekuzr\ikjs|^]<^pl+uvr js|^{u ﬃ
H1
def
=
{
φ ∈ (H1(Ω0))
2; ∇φ = 0,
eop
Ωs0
}
H10
def
=
{
φ ∈ (H1(Ω0))
2; ∇φ = 0,
eop
Ωs0, φ = 0,
nsp
Γf∞
}
¶  
7
  ﬂ

ϕ ∈ H1
 ﬀ%& +  _ﬀ

Ωs0
  ﬂ
Aﬁ  " ﬁ 
C ∈ R2
. ﬀ 
ϕ|Ωs
0
= C
* p¥lvZ\^ﬃuv^{ªh\^{iH½!S^qegigi'p ^^ x lvn x ^%´Op\^<r\v^X|%ekuz^buljFlm^bjsp x ]h\iolvegr\ioeg^uvr js|^{ueop®ns x ^{+lvnﬀ^{p x nF
nWh\qr\mns\ig^] qe«lmZﬀj<jwsjwp sekjwpﬃ ¡h\pO|lvegnspOjwiA ¡jw]<^Snsm©A¤
¼ nsigionFqegp\lvZ\^^}teguzlv^{p |%^`m^{uvh\i«lRuzlmjwlv^ x r\m^§fegnsh uvigys½f^egplvmn x h |%^NlmZ\^ ﬀ h\e x uljFlv^uvr js|^ ﬃ
Xf
def
=
{
u ∈ H2(0, T ; (H2(Ωft ))
2 ∩ H1)
}
Zf
def
=
{
p ∈ H1(0, T ; (H1(D))2)
}
­®^jwikuvnp\^{^
x
lv^Xulq ¡h p |lmeonWpﬀuvr jW|%^{ulmZ jFl+qegioiO^h uv^% ¡h i!lvn
x
^´ p\^jssjwp\W^R]h\i«lmeor ioeg^u ﬃ
Y f
def
=
{
v ∈ L2(0, T ; (H2(Ωft ))
2 ∩ H10)
}
V f
def
=
{
q ∈ H1(0, T ; (H1(D))2)
}
W fs
def
=
{
(v, b2) ∈ Y
f × Y s2 , v|Γst = b2 · e2
}
­®^
x
^´ p\^`lvZ ^ ﬀOh\e
x
S^{js©²uljFlm^NnWrO^{mjwlvnW{½
efu∞ : X
f × Zf × Us −→ (Y f × V f )∗
qZ nWuv^`jW|lmeonWpeku
x
^%´Op\^
x
fy ﬃ
〈efu∞(u, p, u
s), (v, q)〉 =
∫ T
0
∫
Ωft
[−u · ∂tv + (D u · u) · v − νu ·∆v + u · ∇ q − p div v]
+
∫ T
0
∫
Γf∞
u∞ · (σ(v, q) · n) +
∫ T
0
∫
Γst
[us · (σ(v, q) · n)− (u · v) 〈us, n〉]
−
∫ T
0
∫
Γst
v · (σ(u, p) · n) +
∫
ΩT
u(T ) · v(T )−
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y f × V f
ÞÞ È ]_^`/aa
{_   ﬀ ﬀ   ﬂ -ﬀﬁ 	ﬀ
	
 ﬀ
;ﬂ  ﬂ
   +%3  7ﬁ!  ﬁ1 +< 
+'
h °]<^{|Z jsp\ek|jwiOuzytuzlv^] |nsp uveguzl°ns juznWioe x r jszljsp x j ﬀOh\e x r jwvl{¤CY&Z\^Xuz^Ruvh\ uvytulm^]ﬃu"ZOj¨§s^+:^^{p
m^r v^Xuz^{pWlm^ x lvZOjwp\©tuqlmnj²uvnsige x jwp x j ﬀ h\e x uljFlm^nsr:^jFlmnsX¤ * lekuRp\nF r:nWumuzeg\ig^lvn/|%nWh\r\ig^lvZ\^Xuz^
lSn<nsr:^jFlmnsu°egpﬀns x ^Slvnﬃ h\eoi x jwpﬀj xf¢ Z\nt|`|%nWh\r\ig^ x uzytuzlv^] nsr:^jFlvnW{¤
Y&Z ^]ﬃjFnW&rOnWeopl&Z\^m^s½tekulvnbp\nwlmeg|^lmZ jFl&lmZ\^ﬀ h\e x ignWj x
Ff
jsr\r:^{jwuSeoplvZ ^ﬀ h e x uljFlm^NnWrO^{mjwlvnW
jsp x lvZ\^{p<|{jwp<:^+|%nsh r\io^ x qeolvZblmZ\^+uznWioe x r jwvllvZ jsp\©tulvnNlvZ ^qeop\r htl"ionj x
F
ns OlmZ\^+uvnsige x nsr:^jFlmnsX¤
Ynjs|Z\eg^§W^SlvZ\eku"|%nWh\r\igeop  ½wS^&p\^^ x lmn x ^{|e x ^qqZ\^%lmZ\^"nWCp\nwllmZ\^ ﬀ h\e x jwp x lmZ\^+uznWioe x ]h\iolvegr\igeo^{mu
]ﬃjwlm|Z²jFl°lvZ\^ﬀ h\e xf¢ uvnsige x eoplv^{z ßjW|%^W¤ *  *p\nsl{½^RZ j¨§s^&lmnSnsm©qeolvZﬃlmZ\^ ﬀ h\e x |nsp uzlvjwegpl"lv^{p uznW°jFl
lmZ\^ ﬀ h e xf¢ uvnsige x :nsh\p x jwmys½WqZ jFl°]ﬃj¨yO^+p nwl|nspf§s^{p\eo^{pl x h\^qlmnv^{sh\ikjwmeolyv^Xªh\eom^]<^{pWlX¤ R^p |^s½
S^|Z nnuz^lvnnWv©ﬀqeolvZ¬|nsplvegpfh\nshOu+lm^{uzl ¡h\pO|lvegnspOunWp
Γst
¤`Y&Z eguN]<^{jsp u+lmZ jFl`S^buvZ jwigi|Z\nfnWuv^
lmZ\^	ﬀ h\e x jwp x uv^{|%nWp x uvnsige x ]h\iolvegr\igeo^{ﬃuzr jW|%^Xulmn¬:^lmZ\^ﬀuzr jW|%^
W fs
¤­®^ x ^%´ p ^lmZ\^/|nsh\r io^ x
uvytulm^] S^{js©uzlmjFlm^`nsr:^jFlvnWqjsuS ¡nsigignF+u½
eu∞ : Y
f × Zf ×Xs1 ×X
s
2 −→ (W
f
s × V
f × Y s1 )
∗
qZ nWuv^`jW|lmeonWpeku x ^%´Op\^ x fyﬃlvZ ^` ¡nsigionFqegp\<e x ^plveolys½
〈eu∞(u, p, d1, d2), (v, q, b1, b2)〉 = 〈e
s(d1, d2, Ff ), (b1, b2)〉+ 〈e
f
u∞
(u, p, d2 e2), (v, q, d1 · e2)〉
=
∫ T
0
∫
Ωft
[−u · ∂tv + (D u · u) · v − νu ·∆v + u · ∇ q − p div v]
+
∫ T
0
∫
Γf∞
u∞ · (σ(v, q) · n) +
∫ T
0
∫
Γst
[(d2 e2) · (σ(v, q) · n)− (u · v) 〈d2 e2, n〉]
+
∫ T
0
[
−d1 b˙1 − d2 b1
]
+
∫ T
0
[
−m d2 b˙2 + k d1 b2
]
+
∫
ΩT
u(T ) · v(T )−
∫
Ω0
u0 · v(t = 0)− d
0
1 b1(0) + d1(T ) b1(T )−md
0
2 b2(0) + m d2(T ) b2(T )
∀ (v, b2, q, b1) ∈ W
f
s × V
f × Y s1
  .- 
 #+':#ﬁ1
*
p2lmZ\ekuuv^{|lmeonWp*½&^£egplvmn
x
h |%^ﬀlmZ\^¥ikjwWmjsp\sekjwp  ¡h\p |%lvegnsp jsijsumuvnf|egjwlv^
x
qeolvZ r\mns io^{]

Vﬃjwp
x
r vnW\io^{]

/W ﬃ
Lu∞(u, p, d1, d2; v, q, b1, b2)
def
= Ju∞(u, p, d1, d2)− 〈eu∞(u, p, d1, d2), (v, q, b1, b2)〉

W
qeolvZ
Ju∞(u, p, d1, d2) =
α
2
[∫ T
0
|d1 − d
1
g |
2 + |d2 − d
2
g |
2
]
+
γ
2
‖u∞‖
2
Uc
Û¡Ý'Þ*ÛÜá
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 uzegp\blvZ egu& ¡h p |lmeonWp jwiU½tlvZ ^nsrtlmeo]ﬃjwi*|nsplvmnsiAr\mns io^{]

/WS|jsp/:^r\htl+egp/lvZ\^N ¡nWioignFqeop  ¡nWv] ﬃ
min
u∞∈Uc
min
(u,p,d1,d2)∈Xf×Zf×Xs1×X
s
2
max
(v,b2,q,b1)∈W
f
s ×V f×Y
s
1
Lu∞(u, p, d1, d2; v, q, b1, b2)

s
Sy hOuzegp\ﬀlvZ ^ K£eop ¢ K jw}¥ ¡jw]<^Snsm©A½!^²j¨§Wnse x lmZ\^|%nW]<r\htlmjwlvegnsp®nw SlvZ\^uljFlv^ x ^{veg§FjFlmeo§W^bqeolvZ
m^{uvr:^{|llmn
u∞
¤ ¼ eoul ¢ nW x ^nsrtlmeo]ﬃjsioeoly|%nWp x eolvegnsp uqegigit ¡h\mp\eguvZblvZ\^qWmj x eg^plCnw  lmZ\^qnsmegsegp jwit|%nul
 ¡h p |lmeonWp/hOuzegp\blvZ\^uvnsightlmeonWpns jsp/j x nsegpl&r vnW\io^{]ﬀ¤
­®^NnWh\i x ioeg©s^lvn<jwr r\ioyﬃ]<egp ¢ ]<jw} x e:^{v^{pWlmegjs\egioeoly<v^Xuzh\iolmulmnr\mns io^{]

s¤CY&Z\^N]ﬃjwegpekuvuvh\^Negu
lmn<r\vnF§W^RlmZ jFlqlmZ\^]<eop ¢ ]ﬃjF}/uzh\ r\vnW\ig^]
min
(u,p,d1,d2)∈Xf×Zf×Xs1×X
s
2
max
(v,b2,q,b1)∈W
f
s ×V f×Y
s
1
Lu∞(u, p, d1, d2; v, q, b1, b2)

w_
j x ]<e«luqjFl+ig^{jWulqnsp ^`umj x x io^`r:nsegplq ¡ns
u∞ ∈ Uc
¤
6 [1
¶
»
'
¶
»F\»;5
¶
4

­®^qjsumuzh ]b^SlmZ jFlClmZ\^q|%nsp
x
e«lmeonWp u'lvnjsr\r\igylvZ\^ K eop
¢
K jw}r\vegp |eor\ig^  Ojwm^ ¡h\ioio´ igio^
x
uzn`S^&|{jwpbfy
¢
rOjsumulvZ\^
x
^meg§¨jwlvegnspﬃqeolvZ²m^{uvr:^{|l°lvnlmZ\^|nsplvmnsi §¨jsvekjw io^
u∞
lvmnsh\WZ<lvZ\^R]begp
¢
]ﬃjF}²uzh \r\mns\ig^]

w_ ¤
*
l+io^Xj
x
uSlmn<lvZ\^` ¡nWioignFqegp\m^{uvh\iol ﬃ
O
8
¶fº

¶
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 Iﬂ 
u∞ ∈ Uc
 ﬀ
A
(uu∞ , pu∞ , d˜u∞ , ϕu∞ , piu∞ , b˜u∞)
 _&!  ﬀﬁﬁ$ ﬂ  ﬂ('
E"ﬂﬁ-$ 
	   _ +ﬁ"ﬀﬁ
! ﬂ('  _ ﬂ%A'E ﬂ 
j
ﬀ  _ﬂ

u∞ ∈ Uc
  +ﬁ   -0  'ﬂ
$ﬂﬁ  +
 A"ﬂ ﬃ#
∇j(u∞) = (σ(ϕu∞ , piu∞) · n)|Σf∞ + γ u∞

YJ


º*ºA@

 Ruvegp\lvZ ^nsm^]

 ¡mns]  WØ½S^Rfyfr jWuvu"lvZ\^
x
^meo§FjwlvegnspﬃqeolvZm^{uvr:^{|llvn
u∞
egp uze
x
^lvZ\^
]<egp
¢
]<jw}uvh\\r\mns\ig^]

w_  ﬃ
< j
′
(u∞), δu∞ >= 〈
D
Du∞
Lu∞(uu∞ , pu∞ , d
1
u∞
, d2u∞ ; φu∞ , piu∞ , b
1
u∞
, b2u∞), δu∞〉
= min
(u,p,d1,d2)∈Xf×Zf×Xs1×X
s
2
max
(v,b2,q,b1)∈W
f
s ×V f×Y
s
1
〈
D
Du∞
Lu∞(u, p, d1, d2; v, q, b1, b2), δu∞〉
=
∫ T
0
∫
Γf∞
(ν ∂nφu∞ − piu∞ n) · δu∞ + γ
∫ T
0
∫
Γf∞
u∞ · δu∞

 
  '
	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*
p2lmZ\ekuuv^{|%lvegnsp*½&S^¥jwm^£eoplm^m^{uzlv^
x
egp ^{uzlmjs\igeguvZ\egp\lvZ ^£´ ulnW
x
^²nWrtlveg]ﬃjwige«ly2|%nWp
x
eolvegnsp  ¡ns
r vnW\io^{]

w_ ½C:^%lzlm^<©fp\nFqpjsujwmh um|Z
¢
`h\Z\p
¢
YhO|©s^`nWrtlveg]ﬃjwige«ly|%nWp
x
eolvegnsp u{¤ Y&Z\egubuzlv^r egu
ÞÞ È ]_^`/aa
X   ﬀ ﬀ   ﬂ -ﬀﬁ 	ﬀ
	
 ﬀ
;ﬂ  ﬂ
|vhO|%ekjwiU½W:^{|{jwh uv^ReolSig^{j x u°lvnlvZ\^ ¡nsm]h\ikjFlmeonWp²nw !lmZ\^`j x nWeopl&r\vnW\ig^] uvjwlveku´O^ x fyblvZ\^`jssjwp\W^
]h\iolvegr\ioeg^u
(ϕu∞ , piu∞ , b
1
u∞
, b2u∞)
¤"­®^Nm^{|{jwigiAlvZ\^^}tr\v^Xuvuvegnspns lmZ\^jssjwp\Wegjsp*½
Lu∞(u, p, d1, d2; v, q, b1, b2)
def
= Ju∞(u, p, d1, d2)− 〈eu∞(u, p, d1, d2), (v, q, b1, b2)〉

s
Y&Z ^  Y?uzytuzlv^{] qeoigi*Z j¨§W^NlvZ\^N ¡nsigignFqeop\ﬃuzlvmh |lmh\m^ ﬃ
∂(v,q,b1,b2)Lu∞(u, p, d1, d2; v, q, b1, b2) · (δv, δq, δb1, δb2) = 0,
∀ (δv, δb2, δq, δb1) ∈ W
f
s × V
f × Y s1 →
clmjwlv^`°ªh jwlvegnsp u
∂(u,p,d1,d2)Lu∞(u, p, d1, d2; v, q, b1, b2) · (δu, δp, δd1, δd2) = 0,
∀ (δu, δp, δd1, δd2) ∈ X
f × Zf ×Xs1 ×X
s
2 →
 x nsegplq°ªh jFlmeonWp u
   46 &$>
$%ﬁ  / &ﬁ<ﬁ(  +2
 $>
>&7
>:#ﬁ
N 1 1
 ( 
;5ß»2\» º 5
4
² · { ¶ 
¶
 
<
  ﬂ

u∞ ∈ Uc

(p, b1, b2, v, b2, q, b1) ∈ Z
f ×Xs1 ×X
s
2 ×W
f
s × V
f × Y s1

Lu∞(u, p, d1, d2; v, q, b1, b2)
 )   " ﬀﬁ-$   F" _ﬂ
u ∈ Y f
ﬀ
A  ﬀ  
〈∂uLu∞(u, p, d1, d2; v, q, b1, b2), δu〉 =
−
∫ T
0
∫
Ωft
[−δu · ∂tv + [D δu · u + D u · δu] · v − νδu ·∆v + δu · ∇ q]
+
∫ T
0
∫
Γst
(δu · v) 〈d2 e2, n〉 −
∫
ΩT
δu(T ) · v(T ) ∀δu ∈ Xf
*
p?ns
x
^lvn nstljwegp³j uzlvmnsp\  ¡nsm]h\ikjFlmeonWp nw lmZ\^ ﬀ h\e
x
j
x
nsegpWl/r\mns\ig^]ﬀ½+S^¬r:^v ¡nsm] uznW]<^
egplv^{sjFlvegnspfy²r jwvlmuﬃ
¶
 
6∫
Ωft
(D δu · u) · v = −
∫
Ωft
[D v · u + div(u) v] · δu +
∫
Γf∞∪Γst
(δu · v) 〈u, n〉
*
l+ig^{j
x
uSlvnblmZ\^` ¡nsigionFqegp\<e
x
^plveoly ﬃ
〈∂uˆLu∞(u, p, d1, d2; ϕ, pi, b1, b2), δu〉 =
−
∫
Qf
[−∂tϕ + (
∗Du) · ϕ− (Dϕ) · u− div(u) ϕ− ν∆ϕ +∇pi] · δu−
∫
Ωf
T
ϕ(T ) · δu(T )
¶
 
N
  ﬂ

u∞ ∈ Uc

(u, b1, b2, v, b2, q, b1) ∈ X
f ×Xs1 ×X
s
2 ×W
f
s × V
f × Y s1

Lu∞(u, p, d1, d2; v, q, b1, b2)
 )   " ﬀﬁ-$   F" _ﬂ
p ∈ Zf
ﬀ
A  ﬀ  
〈∂pLu∞(uˆ, p, d1, d2; ϕ, q, b1, b2), δp〉 =
∫ T
0
∫
Ωft
δp div ϕ, ∀δp ∈ Zf
Û¡Ý'Þ*ÛÜá
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−∂tϕ−D ϕ · u + (
∗Du) · ϕ− ν∆ϕ +∇q = 0, Qf
div(ϕ) = 0, Qf
ϕ = b2 · e2, Σ
s
ϕ = 0, Σf∞
ϕ(T ) = 0, ΩfT
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lvZ\^&ﬀ nF j£§s^X|lmns´O^i x
V
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V (x, t) = d2 · e2, x ∈ Ωst
V (x, t) = Ext(d2 · e2), x ∈ Ω
f
t
V (x, t) · n = 0, x ∈ Γf∞
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u∞ ∈ Uc
ﬀ E
(u, p, d1, d2, v, b2, q, b1) ∈ X
f ×Zf ×Xs1 ×X
s
2×W
f
s ×V
f ×Y s1
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Lu∞(u, p, d1, d2; v, q, b1, b2)
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〈∂d1Lu∞(u, p, d1, d2; ϕ, pi, b1, b2), δd1〉 =∫ T
0
[
α (d1 − d
1
g) δd1 − k δd1 b2 + δd1 b˙1
]
− δd1(T ) b1(T )
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x
^
x
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−b˙1 + k b2 = α(d1 − d
1
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b1(T ) = 0,
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W = Ext(δd2 · e2)
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Tt(V + ρW )
½ qeolvZ
ρ ≥ 0
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Ωf,ρt
def
= Tt(V + ρW )(Ω
f
0 )
Ωs,ρt
def
= Tt(V + ρW )(Ω
s
0)
¼ ns&lmZ\^uvjs©s^Nnw uzeg]<r\ioek|%eolys½ ^uv^%l
T
ρ
t
def
= Tt(V + ρW )
Y&Z ^NnWt^{|%lveg§s^`nw 'lvZ eguqrOjwjwsjwr Z²eguSlmnﬃ|%ns]<r\h\lv^`lvZ ^` ¡nsigionFqegp\ x ^meo§Fjwlveg§s^ ﬃ
(
d
dρ
Lu∞(uˆ, p, d1, d2 + ρδd2; vˆ, q, b1, b2)
)∣∣∣∣
ρ=0
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Ωf,ρ=0t
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= Ωft
jsuS^Nr\mnt|%^^
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T tρ
def
= T ρt ◦ T
−1
t : Ω
f
t −→ Ω
f,ρ
t
Ωst −→ Ω
s,ρ
t
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Ztρ
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Ztρ
def
= Zt(ρ, .) =
(
∂T tρ
∂ρ
)
◦ (T tρ )
−1  _ 
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T
ρ
t (Z
t
ρ) : Ω −→ Ω
x 7−→ x(ρ, x) ≡ T ρt (Z
t
ρ)(x)
  
d x(ρ)
d ρ
= (ρ, x(ρ)), ρ ≥ 0
x(ρ = 0) = x,

Ω
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[0, ρ0] −→ C
0([0, T ]; W k−1,∞(Ω))
ρ 7−→ Tt(V + ρW )
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St(ρ, .)
def
= ∂ρ [Tt(V + ρW )] =
∫ t
0
[D(V + ρW ) ◦ Tτ (V + ρW ) · S
τ (ρ, .)
+W ◦ Tτ (V + ρW )dτ ]
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St(.)
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= St(ρ = 0, .)
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∂tSt − (D V ◦ Tt) · St = W ◦ Tt, Ω0 × (0, T )
St=0 = 0, Ω0
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∂tZt + [Zt, V ] = W, Ω0 × (0, T )
Zt=0 = 0, Ω0
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[Zt, V ]
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= DZt · V −DV · Zt
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d
dρ
(∫
Ωf,ρt
G(ρ) dΩ
)∣∣∣∣∣
ρ=0
=
∫
Ωft
∂ρG(ρ) dΩ +
∫
Γst
G(ρ = 0)〈Zt, n〉 dΓ
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(∫
Γs,ρt
φ(ρ) dΓ
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ρ=0
=
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Γst
[
φ
′
Γ + Hφ 〈Zt, n〉
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dΓ
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φ(ρ, .) ∈ L1(Γst )
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φ(ρ, x) ∈ C0((0, ρ0; C
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φ˙ =
d
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φ(ρ, .) ◦ T tρ
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ρ=0
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′
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d
d ρ
(
φ˜(ρ, .)
)∣∣∣∣
ρ=0
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(∫
Γs,ρt
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=
∫
Γst
[
φ˜
′
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Hφ˜ + ∂nφ˜
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(u, v)
lmZ jFl+jwm^
x
^%´Op\^
x
nsp
Ωft
¤"Y&Z\ekuqio^Xj
x
uSlmnblvZ\^` ¡nWioignFqeop br:^vlvh v:^
x
jssjwp\Wegjsp ﬃ
Lρu∞
def
= Lu∞(u, p, d1, d2 + ρδd2; v, q, b1, b2)
= Ju∞(u, p, d1, d2+ρδd2)−
[∫ T
0
∫
Ωf,ρt
[
−(u ◦ Rtρ) · ∂t(v ◦ R
t
ρ) + (D u ◦ R
t
ρ · u ◦ R
t
ρ) · v ◦ R
t
ρ
−νu ◦ Rtρ ·∆v ◦ R
t
ρ + u ◦ R
t
ρ · ∇ q − p div v ◦ R
t
ρ
]
+
∫ T
0
∫
Γf∞
u∞ · (σ(v, q) · n)
+
∫ T
0
∫
Γs,ρt
[
(d2 + ρδd2) e2) · (σ(v ◦ R
t
ρ, q) · n
ρ)− u ◦ Rtρ · v ◦ R
t
ρ · ((d2 + ρδd2) e2) · n
ρ
]
+
∫ T
0
[
−d1 b˙1 − (d2 + ρδd2) b1
]
+
∫ T
0
[
−m (d2 + ρδd2) b˙2 + k d1 b2
]
+
∫
ΩT
u(T ) · v(T )−
∫
Ω0
u0 · v(t = 0)− d
0
1 b1(0) + d1(T ) b1(T )−m d
0
2 b2(0)
+m (d2 + ρδd2)(T ) b2(T )] ∀ (v, b2, q, b1) ∈ W
f
s × V
f × Y s1
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t
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t
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t
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t
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t
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)∣∣∣∣
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·
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)∣∣∣∣
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∣∣
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∂ρG(ρ, .)|ρ=0 = [(D u · Zt) · ∂tv + u · (∂t(D v · Zt))
− [(D(D u · Zt)) · u + D u · (D u · Zt)] · v − (D u · u) · (D v · Zt)
+ν(D u · Zt) ·∆v + νu · (∆(D v · Zt)) + p div(D v · Zt)− (D u · Zt) · ∇q]
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* lR|%nW]b^Xu&^{jWuzegioyh uzegp\ x ^´ p\eolvegnspﬀnw 
G(ρ, .)
jwp x io^{]<]<j

{ ¢

s ¤

Y&Z\^p ^²ZOj¨§s^²jwp^}tr\v^Xuvuvegnsp nw &lvZ ^ x ^{veg§FjFlveg§s^ﬃns  x eguzlvmeg\htlv^ x lv^{v]ﬃu|%ns]<egp\£ ¡mns] lvZ\^
jssjwp\Wegjsp²qe«lmZﬀv^Xuzr:^{|%lqlvn
ρ
½
d
dρ
(∫
Ωf,ρt
G(ρ)dΩ
)∣∣∣∣∣
ρ=0
=
∫
Ωft
[(D u · Zt) · ∂tv + u · (∂t(D v · Zt))
− [(D(D u · Zt)) · u + D u · (D u · Zt)] · v − (D u · u) · (D v · Zt)
+ν(D u · Zt) ·∆v + νu · (∆(D v · Zt)) + p div(D v · Zt)− (D u · Zt) · ∇q]
+
∫
Γ
[−u · ∂tv + (Du · u) · v − νu ·∆v + u · ∇q − p div(v)] 〈Zt, n〉
  Snsh\p x jwmy<lv^m]ﬃu ﬃ
­¬^/]hOulbp\nF lmjw©W^²egpWlmn¬jW||%nWh\pllvZ ^²lv^{v]ﬃu|%ns]<egp\  ¡mns] lvZ ^]<nF§feop\¥OnWh\p
x
jsvy
Γs,ρt
¤
Y&Z\^pﬀS^uz^l{½
φ(ρ, .) =
[
(d2 + ρδd2) e2) · (σ(v ◦ R
t
ρ, q)− u ◦ R
t
ρ · v ◦ R
t
ρ · ((d2 + ρδd2) e2)
]
· nρ
­¬^uv^%l
V = d2 e2
jsp
x
W = δd2 e2
½flvZ ^p
φ(ρ, .) = (V + ρW ) ·
[
σ(v ◦ Rtρ, q)− u ◦ R
t
ρ · v ◦ R
t
ρ
]
· nρ
cfegp |%^
φ(ρ, .)
egu
x
^´ p\^
x
nWplvZ ^S:nsh p
x
jwmy
Γs,ρt
½w^Sp\^{^
x
uznW]b^S^%}flmmje
x
^plveolveg^{uC|nsmv^Xuzr:nsp
xt¢
eop <lvn<OnWh\p
x
jsvyuzZ jsrO^
x
^{veg§FjFlm^{u&nw 'lv^{v]ﬃu&egpf§snsig§s^
x
egp
φ(ρ, .)
¤
°¶
 
1 < 1  

∂ρn
ρ|ρ=0 = n
′
Γ = −∇Γ(Zt · n)
°¶
 
1Z6
d
dρ
(∫
Γs,ρt
〈E(ρ), nρ〉dΓ
)∣∣∣∣∣
ρ=0
=
∫
Γst
〈E′|Γ, n〉+ (div E)〈Zt, n〉
~"mnns  ﬃ
¼
eoulX½\S^NhOuz^NlvZOjFl{½
∫
Γs,ρt
〈E(ρ), nρ〉 =
∫
Ωf,ρt
div E(ρ)
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lvZ\^{pﬀ^ x ^{veg§s^lvZ egu+ªh jsplveoly²h uveop\<ig^]<]ﬃj

V½
d
dρ
(∫
Ωf,ρt
div E(ρ)
)∣∣∣∣∣
ρ=0
=
∫
Ωft
div E′ +
∫
Γst
(div E)〈Zt, n〉
­¬^|nsp |ioh x ^h uveop\
∫
Ωft
div E′ =
∫
Γst
〈E′, n〉
¤

Y&Z\^pﬀS^`h uz^W½
°¶  
1N
E′|Γ = W · [−q I +ν D v − u · v] + V · [−ν D(D v · Zt) + (D u · Zt) · v + u · (D v · Zt)]

_YX
+^{p |%^W½\^`Z j¨§W^
d
dρ
(∫
Γs,ρt
φ(ρ) dΓ
)∣∣∣∣∣
ρ=0
=
∫
Γst (V )
W · [−q I+ν D v − u · v] · n
+
∫
Γst (V )
V · [−ν D(D v · Zt) + (D u · Zt) · v + u · (D v · Zt)] · n
+
∫
Γst (V )
div(V · [−q I +ν∗ D v − u · v])〈Zt, n〉
¶
t 
N 
 "ﬀ   ﬀ 
∫
Γ
V · (D v · n) =
∫
Ωft
div(∗ D v · V )
=
∫
Ωft
D v · ·D V + V ·∆v

Js
­®^¥hOuz^¥lvZ\eku^}tr\v^Xuvuvegnsp2eop lvZ\^®uz^XªWh ^iU¤­¬^¬v^X|jsioiRlvZ jwllvZ ^¥r:^vlvh\mO^
x
ikjwsjwp sekjwp Z jsulvZ\^
 ¡nWioignFqegp\ ¡nWv]ﬀ½
LρV,W = J
ρ
V,W −
∫ T
0
∫
Ωf,ρt
G(ρ)−
∫ T
0
∫
Γs,ρt
φ(ρ)
−
∫
ΩT
u(T ) · v(T ) +
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y (Ωft )× V
f
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R^p |^s½\eolmu x ^meo§FjFlmeo§W^qeolvZ£m^{uvr:^{|l&lmn
ρ
jFlqrOnWeopl
ρ = 0
ZOjsuSlvZ ^` ¡nsigionFqegp\b^%}tr\m^{umuzegnsp*½
d
dρ
(
LρV,W
)∣∣∣∣
ρ=0
=
d
dρ
(
J
ρ
V,W
)∣∣∣∣
ρ=0
−
∫ T
0
d
dρ
(∫
Ωf,ρt
G(ρ)
)∣∣∣∣∣
ρ=0
−
∫ T
0
d
dρ
(∫
Γs,ρt
φ(ρ)
)∣∣∣∣∣
ρ=0
∀ (v, q) ∈ Y (Ωft )× V
f
¼ h\zlmZ\^m]<nsm^`^`Z j¨§W^s½
¶  
1[
d
dρ
(
J
ρ
V,W
)∣∣∣∣
ρ=0
=
∫ T
0
α(d2 − d
2
g) e2 ·W

Jt
 uzegp\NlvZ ^qigjWulCe x ^plveolveg^{uC|nsp |^mp\egp\NlvZ\^ x ^{veg§FjFlveg§s^&ns  lvZ ^ x eguzlvmeg\htlv^ x jwp x lvZ\^q:nsh p x jwmy`lv^{v]ﬃu
qeolvZﬀm^{uvrO^X|l&lvn
ρ
½tS^NW^%lqlmZ\^` ¡nsigionFqegp\b^%}tr\m^{umuzegnsp½
d
dρ
(
LρV,W
)∣∣∣∣
ρ=0
= −AZt −BZt − CW

Js
qeolvZ
AZt =
∫ T
0
∫
Ωft (V )
[(D u · Zt) · ∂tv − [(D(D u · Zt)) · u
+ Du · (D u · Zt)] · v + ν(D u · Zt) ·∆v − (D u · Zt) · ∇q]
+
∫ T
0
∫
Ωft (V )
[u · (∂t(D v · Zt))− (D u · u) · (D v · Zt) + νu · (∆(D v · Zt)) + p div(D v · Zt)]
BZt =
∫ T
0
∫
Γst (V )
[−u · ∂tv + (Du · u) · v − νu ·∆v + u · ∇q − p div(v)] (Zt · n)
+ V · [−ν D(D v · Zt) + (D u · Zt) · v + u · (D v · Zt)] · n
+ div(V · [−q I +ν∗ D v − u · v])〈Zt, n〉
−
∫ T
0
∫
Γf∞
ν u∞ · D(D v · Zt) · n
CW =
∫ T
0
∫
Γst (V )
W ·
[
−b1 e2 −m b˙2 e2 + σ(v, q) · n− (u · v) n− α(d2 − d
2
g) e2
]
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N  7 $6
O 8 ¶ 98' ?°¶ » ¶  5
D
t/5
D
¶   ¶ 
4
¶ ( 5ß» ¶
4
95¡ ·
­®^<uzZ jsioi'p\nF½Ajsumuzh ]b^lvZ jwl
(u, p, ϕ, pi)
ekuNjuvj x\x ig^r:nsegpWl`nw ClmZ\^<jwWmjsp\sekjwp/ ¡h\pO|lvegnspOjwi
Lu∞
¤
Y&Z eguSqegioiAZ\^{ior/h ulvn<uzeg]<r\ige« ¡yuv^§W^jwi lv^m]ﬃuSeopf§snWio§W^ x egplvZ\^ x ^meg§¨jwlveg§s^Nnw 
Lu∞
qe«lmZm^{uvr:^{|lSlvn
V
¤
* p x ^^ x ½A^nWh\i x ioeg©s^lvn^}tr\v^Xuvu+lvZ\^ x ekulmveg\htlm^ x lm^m]
AZt
jsuNjﬃOnWh\p x jsvy£ªh jspWlme«ly x ^´ p\^ x
nWplmZ\^ ﬀ h\e x ]<nF§egp\<:nsh\p x jwmy
Γst
jwp x lvZ ^`´\}t^ x OnWh\p x jsvy
Γf∞
¤
O 8 ¶fº  ¶ 
[
 Iﬂ 
(u, p, ϕ, pi)
ﬀﬁY $ _ﬂ
*ﬂ('    ﬀ9+
ﬀ Z+ﬁﬀ  'Aﬂ
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
∫ T
0
∫
Ωft (V )
[(D u · Zt) · ∂tϕ− [(D(D u · Zt)) · u
+ Du · (D u · Zt)] · ϕ + ν(D u · Zt) ·∆ϕ− (D u · Zt) · ∇pi]
+
∫ T
0
∫
Ωft (V )
[u · (∂t(D ϕ · Zt))− (D u · u) · (D ϕ · Zt) + νu · (∆(D ϕ · Zt)) + p div(D ϕ · Zt)]
−
∫ T
0
∫
Γst (V )
V · [ν D(D ϕ · Zt)− (D u · Zt) · ϕ− u · (D ϕ · Zt)] · n
+
∫ T
0
∫
Γst (V )
[ν (ϕ− b2 e2) · (D(D u · Zt) · n) + (D ϕ · Zt) · (−p n + ν(D u · n))]
−
∫ T
0
∫
Γf∞
ν u∞ · (D(D ϕ · Zt) · n) = 0, ∀W
def
= δd2 e2
~°vnfnw  ﬃ
­®^RhOuz^+^}flvm^]ﬃjwi:|%nsp
x
e«lmeonWp u°jWuvuvnt|%ekjFlm^
x
lvn§FjsvekjFlmeonWp uCqeolvZ²m^{uvrO^X|llvn
(u, v)
egpﬃlmZ\^jwsjwp sekjwp
 ¡h p |lmeonWp jwiqZ\^m^^Z j¨§s^j
x\x
^
x
j<:nsh p
x
jwmyﬀuzegp |%^S^|nsp uve
x
^qlm^{uzl+ ¡h\p |%lvegnsp u
v
lmZ jFl
x
n²p\nwl
§Fjsp\eguvZﬀnsp
Γf∞
jsp
x£x
nﬃp\nslR]ﬃjFl|ZlmZ\^uvnsige
x
lm^{uzl+ ¡h\p |%lvegnsp ujFl+lmZ\^ ﬀ h e
xf¢
uvnsige
x
egpWlm^v ßjs|^
Γst (V )
½
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eU¤ ^
L2u∞(u, p, d1, d2; v, q, b1, b2) = Ju∞(u, p, d1, d2)
−
∫ T
0
∫
Ωft (V )
[−u · ∂tv + (D u · u) · v − νu ·∆v + u · ∇ q − p div v]
−
∫ T
0
∫
Γf∞
u∞·σ(v, q)·n−
∫ T
0
∫
Γst (V )
V ·[σ(v, q) · n− (u · v) n]+
∫ T
0
∫
Γst (V )
(v−b2 e2)·(σ(u, p)·n)
−
∫ T
0
[
−d1 b˙1 − d2 b1
]
−
∫ T
0
[
−md2 b˙2 + kd1 b2
]
−
∫
ΩT
u(T )v(T ) +
∫
Ω0
u0v(t = 0) + d
0
1b1(0)− d1(T )b1(T ) + md
0
2b2(0)−md2(T )b2(T )
∀ (v, q, b1, b2) ∈ Y
f × V f × Y s1 × Y
s
2
Y&Z egu&ig^{j x uSlvn<lmZ\^` ¡nsigionFqegp\brO^{zlmh\m jFlmeonWpe x ^plme«lyW½
∂(u,v)L
2
u∞
· (δu, δv) = −
∫ T
0
∫
Ωft
[−δu · ∂tv − u · ∂tδv + D(δu · u) · v + D(u · δu) · v
+D(u · u) · δv − ν(δu ·∆v)− ν(u ·∆δv) + δu · ∇q − p div(δv)] −
∫ T
0
∫
Γf∞
ν u∞ · (D δv · n)
+
∫ T
0
∫
Γst (V )
[ν (v − b2 e2) · (D δu · n) + δv · (−p n + ν(D u · n))]
−
∫ T
0
∫
Γst (V )
V · [ν D(δv)− δu · v − u · δv] · n−
∫
ΩT
[δu(T )v(T ) + u(T )δv(T )]
∀ (δu, δv) ∈ X(Ωft )× Y (Ω
f
t )
­®^|Z\nfnWuv^`uzr:^{|e«´O|`r:^vlvh v jwlvegnsp
x
egv^X|lvegnspOu½feU¤ ^
δu = D u · Zt δv = D v · Zt
qeolvZ
δu(T ) = δv(T ) = δu(0) = δv(0) = 0
½:qZ\^m^
(u, v)
jsv^umj
x x
io^r:nsegplmunw lvZ ^igjssjwp\Wegjsp*½
eU¤ ^RuznWioh\lvegnsp uCns *v^Xuzr:^{|%lveg§s^{ioylvZ\^+r veg]ﬃjwiOjsp
x
j
x
nsegpWl ﬀ h\e
x
r\mns\ig^]ﬀ¤'­¬^+m^{|nsWp\eo¯{^qeo]<]<^
x
egjwlv^igy
lmZ\^
x
ekulmveg\htlm^
x
jwp
x
:nsh\p
x
jwmyﬃlv^{v]ﬃu&egpf§snsig§s^
x
egp/lvZ\^uvZ jwr:^
x
^meg§¨jwlveg§s^`©s^{vp ^i!e
x
^plveolys¤

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N  7  N 
º (5H» 
4
»    \» º 5
4
 ?  º ( ¶ 
 uzegp\ lmZ\^¬uvZ jwr:^ x ^{veg§FjFlveg§s^£©W^mp\^iRe x ^{plveolys½qS^ uzeg]<r\ioeo ¡y lvZ\^¬jwWmjsp\sekjwp x ^meg§¨jwlveg§s^ jwl²lvZ\^
umj x x io^`r:nsegpl
(u, p, d1, d2, ϕ, b1, b2)
¤C­¬^uv^%l
(u, v) = (u, ϕ)
jwp x S^NW^%lX½
AZt =
∫ T
0
∫
Γst (V )
V · [ν D(D ϕ · Zt)− (D u · Zt) · ϕ− u · (D ϕ · Zt)] · n
−
∫ T
0
∫
Γst (V )
[ν (ϕ− b2 e2) · (D(D u · Zt) · n) + (D ϕ · Zt) · (−p n + ν(D u · n))]
+
∫ T
0
∫
Γf∞
ν u∞ · (D(D ϕ · Zt) · n)
­®^h uv^NlvZ jwl
ϕ = b2 e2,
nsp
Γst (V )
jsp x lmZ\^` ¡nsigignFqeop\<e x ^plme«lmeo^Xu½
(D ϕ · Zt) · (p n) = (p div ϕ)〈Zt, n〉

Jw
(D ϕ · Zt) · (D u · n) = (D ϕ · n) · (D u · n)〈Zt, n〉

JF_
lmZ\^p½
AZt =
∫ T
0
∫
Γst (V )
V · [ν D(D ϕ · Zt)− (D u · Zt) · ϕ− u · (D ϕ · Zt)] · n
−
∫ T
0
∫
Γst (V )
[−p div ϕ + ν (D ϕ · n) · (D u · n)] 〈Zt, n〉
+
∫ T
0
∫
Γf∞
ν u∞ · (D(D ϕ · Zt) · n)
 uzegp\blvZ ^` ¡nsigionFqegp\be
x
^{plveolys½
div(V · [−pi I +ν∗D φ− u · ϕ]) = −pi div V − V · ∇pi + ν D ϕ · ·D V
+ ν V ∆ϕ− (div V ) u · ϕ− V · ∇(u · ϕ)

JﬁJ
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S^`s^l{½
BZt =
∫ T
0
∫
Γst (V )
[−u · ∂tϕ + (Du · u) · ϕ− νu ·∆ϕ + u · ∇pi − p div(ϕ)] 〈Zt, n〉
+ V · [−ν D(D ϕ · Zt) + (D u · Zt) · ϕ + u · (D ϕ · Zt)] · n
[−pi div V − V · ∇pi + ν D ϕ · ·D V + ν V ∆ϕ
−(div V ) u · ϕ− V · ∇(u · ϕ)] 〈Zt, n〉
−
∫ T
0
∫
Γf∞
ν u∞ · D(D ϕ · Zt) · n
lmZ\^pﬀS^`s^%lX½
AZt + BZt =
∫ T
0
∫
Γst (V )
[ν (D ϕ · n) · (D(V − u) · n)− u · ∂tϕ + (Du · u) · ϕ− pi div V
−(div V ) u · ϕ− V · ∇(u · ϕ)] 〈Zt, n〉
­®^h uv^NlvZ\^` ¡nWioignFqeop be
x
^{pWlme«lyW½
V · ∇(u · ϕ) = ϕ · D u · V + V ·D ϕ · u
jsp
x
lvZ\^:nsh\p
x
jwmy|%nWp
x
eolvegnsp u{½
u = d2 e2
nWp
Γst
½
ϕ = b2 e2
nsp
Γst
¤"Y&Z eguqig^{j
x
uSlvnO½
AZt + BZt =
∫ T
0
∫
Γst (V )
[
ν (D ϕ · n) · (D(V − u) · n)− d2 b˙2 − pi div V − (div V ) u · ϕ
−d2 e2 · D ϕ · d2 e2] 〈Zt, n〉
­®^|Z\nfnWuv^lvZ\^§W^ignf|e«ly²´ ^i
x
V = Ext(d2 e2) ◦ p
½flmZ\^p
(D V · n) · n|Γst = 0
jsp
x
div V |Γst = divΓ V + (D V · n) · n
= 0
¼
egp jwigigys½tS^Z j¨§s^
AZt + BZt =
∫ T
0
∫
Γst (V )
[
−d2 b˙2 + ν (D ϕ · n) · (D u · n)− |d2|
2 (D ϕ · e2) · e2
]
〈Zt, n〉
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jsp x
CW =
∫ T
0
∫
Γst (V )
W ·
[
−b1 e2 −m b˙2 e2 + σ(φ, pi) · n− α(d2 − d
2
g) e2
]

Jw
qZ ^m^NS^`Z j¨§s^Nh uv^ x lvZOjFl{½
∫
Γst (V )
d2 e2 · b2 e2 · n = 0
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